In this work, the non-relativistic asymptotic behavior of the transition qq → 2g → qq in the 1 S 0 channel is discussed. Different with the usual calculation which expands the physical amplitude around the quark anti-quark threshold, we take the quark anti-quark pairs as off shell and only expand the expression on the three-dimensional momenta of the quarks and anti-quarks. We calculate the results to order 6. The imagine part of the results after applying the on shell conditions can reproduce the non-relativistic QCD (NRQCD) results in leading order of α s . The real part of the results can be used to estimate the mass shift of the 1 S 0 heavy quark anti-quark system due to the 2g annihilation effect. The results can also be used to estimate the energy shifts of the positronium system due to the two-photon annihilation.
I. INTRODUCTION
The energy spectrum of quarkonia is a basic topic of the strong interaction. Many phenomenological methods have been applied to study this topic for a long time such as quark model [1] , QCD sum rules [2] , Dyson-Schwinger equation and Bethe-Salpeter equation [3] and unitary chiral model [4] etc.. Due to the asymptotic freedom of the QCD and the large masses of the heavy quarks (c quark and b quark), the heavy quarkonia provides a special window to study the QCD since both the pertuabtive behavior and the nonperturbative behavior show their properties in such systems. For example, the spectrum of heavy quarkonia shows the non-perturbative confinement behavior, on another hand the decay and the production of the heavy quarkonia can be well described by the effective theory non-relativistic QCD (NRQCD) [5] .
Experimentally, since 2003 the Belle [6] , CDF [7] , D0 [8] , BarBar [9] , Cleo-C [10] , LHCb [11] , * E-mail: zhouhq@seu.edu.cn BES [12] and CMS [13] collaborations have reported many new charmonium-like states which can not be understood well even in the phenomenological level. It is found for the states below the threshold of D or D * pair the experimental results and theoretical calculations are compatible, while above the threshold of D or D * pair the situation is perplexing. This attracts a lot of interest from both theoretical and experimental physicists and numerous studies are tried to understand these states. The detail of these discussion can be found in the recent reviews [14] . Physically, when the masses of the states lie above the threshold of D or D * pair, the corresponding decay channels are opened. The interactions related with these decay channels not only result in the decay widths, but also shift the masses. A natural and important question is how large are these effects and how to estimate them. The effects to the energy spectrum of charnonium due to the decay channels (annihilation effects) have been discussed in the original quark model [1] and subsequent work in a phenomenological way [15] . The contributions are expected to be about 20 Mev in the former and are about 600 Mev in the later. In this work, we plan to give a rigorous study on the similare effects due to the two-gluon annihilation which is much clear than the DD, DD * , D * D * decay channels and can be well described in a pure perturbative frame.
In the quasi potential method, the effective potential of a non-relativistic system is usually extracted from the matching between the quantum mechanics and the full quantum field theory by expanding the physical amplitudes on the threshold order by order. The similar matching conditions are usually also applied between the effective theory and the full theory such as NRQCD and QCD which means the two theories are equivalent in the physical scattering region. To study the corrections to the energy shifts of bound states due to the two-gluon annihilation, in this work we do not match the on shell amplitudes but take the quark anti-quark pairs as off shell and then expand the interaction kernel order by order.
The gauge invariance of such expansion is also check in a manifest way.
We organize the paper as following, in section II we give an introduction on the basic formula, in section III we describe the way of our calculation and present the analytic result for the coefficients to order 6 after the non-relativistic expansion, in section IV we discuss the relation between our results and those given in NRQCD in the leading order of α s (LO-α s ), in section V we estimate the effects to the mass shifts numerically and give our conclusion.
II. BASIC FORMULA
In the perturbation theory, the Feynman diagrams for the transition of a heavy quark anti-quark pair to a heave quark anti-quark pair via two-gluon annihilation→ 2g →are showed as Fig. 1 .
When one take the quark anti-quark pairs as off shell, the corresponding Green function is a part of the interaction kernel of the Bethe-Salpeter equation which plays the role like the potential in the non-relativistic quantum mechanics. The direct calculation of the corresponding Green function is a little tedious and there is no analytic expression in the full complex plane of momenta. Two methods are usually used to simplify the calculation. The first one is to project the quark anti-quark pairs to a special 2s+1 L J state which is described as Fig. 2 and the second one is to study the asymptotic behavior of this Green function which means to expand the expression on some small variables.
In the center mass frame, the momenta can be chosen as following.
with P ( √ s, 0, 0, 0). In the general case, there are six independent Lorentz invariant variables in the interaction kernel:
f . For simplicity, we limit our discussion in the case with P · p i = P · p f = 0. This region is corresponding to the instantaneous approximation for the Bethe-Salpeter equation which means the contributions from the relative energy of the quark anti-quark pair in the bound states is neglected. This property naturally appears when the initial and final quark anti-quark pairs are taken as on shell. Such choice of the momenta leaves the number of the independent Lorentz invariant variables to 4 and we can define To project the quark anti-quark pairs to a special 1 S 0 state, we use the same project matrix as the on shell case [16] [17] [18] where one has
where the Clebsch-Gordan coefficients are the standard ones as Ref. [17] and the Dirac spinors are normalized as u + u = v + v = 1 whose expressions are written as
This results in the following expressions.
where E i,f p 2 i,f + m 2 and one should note that there is a minus in the expression of Π f in .
We want to point out, the form of such project matrix is just for simplicity in our calculation. In principle the project matrix should be deduced from the Bethe-Salpeter equation and in the ultra non-relativistical limit the above expressions are expected to be true. In this work, we do not go to discuss the detail of this project matrix but just take the same form as the references.
Using the above project method, the interaction kernel in 1 S 0 state can be expressed as the following.
where the color factor c
and the hard kernel T i are
with
For the on shell quark anti-quark pairs one has (P/2
these conditions lead to the denominators of the integrands in Eq. (5) include terms like
This situation leads to the expansion on p i,f and the integration of the loop momentum un-commutative when one goes to estimate the asymptotic behavior of the expression. In this case, one can separate the loop integration into hard part and other parts using the region method [19] . For the off shell quark anti-quark pairs, (P 2 /4 − m 2 ) is taken as a free finite quantity and one can commutate the expansion and the integration of the loop momentum safely.
III. THE ANALYTIC RESULTS FOR THE ASYMPTOTIC BEHAVIOR
In our calculation, we at first use the package Feyncalc [20] to do the trace of Dirac matrixes in D-dimension as Ref. [21] , then expand the expression on the variables p
f , p i · p f to a special order. This expansion is equivalent to expand the expression on the four momenta p i and p f directly. After the expansion, we use the tensor decomposition to reexpressed the loop integrations as following.
After the expansion and the tensor decomposition, for simplicity we directly use the package FIESTA [22] to do the sector decomposition with iǫ kept in the propagators and output the date base for integration, then use Mathematica to do the analytic integration.
In the practical calculation, we expand the expressions on |p i,f | to order 6. The gauge parameter ξ is also kept in the practical calculation and we find the result is not dependent on ξ which means the result is gauge independent although the momentum P/2 ± p i,f are not on shell. The direct numerical calculation is also used to check the analytic result.
After the loop integration, we apply the following property to reduce the variables since we only care for the matrix element of the interaction kernel between the 1 S 0 states.
The high terms like (p i · p f ) 4 are not appeared in the expression and we need not care for them.
Eq. (10) |p i ||p f | and 0 in our discussion. After such replacement, the final result can be expressed as
where G refers to the result of G after the replacement, the subindexes |p i,f | mean to expand the expression on |p i,f | and c 
where c i are the combinations of terms with corresponding orders of p
and
where r p 2 p 2 /m 2 and is assumed to be larger than 0 in the above expressions. For the r p 2 < 0 case, the term log r p 2 should be taken as log(r p 2 + iǫ) with ǫ = 0 + and it gives an additional contribution to the imagine part of the coefficients. This analytic continuation is also checked by the direct calculation with r p 2 < 0. For convenient we also list the expressions with p 2 < 0 which can be used in the positronium system.
The real parts of the expressions for p 2 < 0 are same with the expressions with p 2 > 0 by changing r
Using the above expressions and the quasi potential method, one can directly get the corresponding non-relativistic potential in the LO-α s . In the momentums space it is expressed
since we have normalized the Dirac spinors as u
Taking this effective potential as a perturbative interaction comparing with the nonperturbative potential in the quark model. The corresponding energy shift in the leading order can be got directly as
where Φ(p i,f ) φ(|p i,f |)Y 00 are the wave functions of the 1 S 0 states in the momentum space
Corresponding, the result after the expansion and the integration is expressed as
where the coefficients can be found in the Appendix and ψ (n) (0) are defined as
with n even. ψ (n) (0) are corresponding to the values of the n-th derivative of the wave functions in the coordinate space at r = 0 since
One should note that the angle part Y 00 is included in the wave function ψ(r).
Furthermore, one can expand the result on p 2 which gives
Physically, the imagine part of ∆E(s) is corresponding to the decay width of a state as Γ = −2Im[∆E(s)] with √ s = M1 S 0 and the real part of ∆E(s) is corresponding to the mass shift due to the two-gluon annihilation in the leading order.
Eq. (18) can also be directly used to estimate the decay widths of η c,b → 2γ, the mass shifts and decay widths of positronium in 1 S 0 states due to the annihilation effect e + e − → 2γ.
For η c,b → 2γ, we should replace the factor c 
IV. COMPARISON WITH THE RESULTS OF NRQCD IN LO-α s
To compare the above results with the corresponding results in NRQCD in LO-α s , we can apply the on shell constrain conditions to the coefficients c i . The on shell constrain
2 which leads to the following results.
Im[c
where the index (on) refers to the results after applying the on shell conditions to c i .
Comparing these results to the decay width of Γ(η c → 2γ) in NRQCD [17] which expressed as Γ(H(
One can find the p i,f in Eq. (22) ] is corresponding to the sum of coefficients in NRQCD in order v 6 [21] . In our calculation we take the quantities p 2 , |p i |, |p f |, p i · p f as independent variables at first and then using the on shell conditions can also be got easily from Eq. (14) as following.
Re[c
where the result Re[c
] is same with that given in the reference [23] . We want to point out that for positronium where p 2 < 0, r s < 1, we do not suggest use the Eq. (22, 25) but suggest to use the corresponding expressions with p 2 < 0.
V. THE NUMERICAL RESULT AND CONCLUSION
For the visualization, we list some numerical results in this section. In NRQCD, the contribution to the decay width in the LO-v and LO-α s is determined by the coefficient c 0 and the wave function at zero point ψ(0). In our calculation, we expand the expression In summary, the non-relativistic asymptotic behavior of the transition→ 2g →in the 1 S 0 channel is discussed. In our discussion, the momenta of the quarks and antiquarks are not limited on mass shell after projecting the quark anti-quark pairs to 1 S 0 state.
We calculate the results by expanding the expression on the three-dimensional momenta of quarks and anti-quarks to order 6. The imagine part of the first 3 terms of our results after applying the on shell conditions can reproduce the non-relativistic QCD (NRQCD) results in leading order of α s . The real part of our results can be used to estimate the mass shift of 1 S 0 heavy quark anti-quark system due to the 2g annihilation effect. The results can also be used to estimate the energy shifts of 1 S 0 states of positronium.
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VII. APPENDIX
In this Appendix, the expressions for c f ull i are listed.
with 
where r s √ s/2m > 1 is assumed, for r s < 1 we can change log(r 2 s − 1) by log(r 2 s − 1 + iǫ) and the real parts give some additional contributions to the imagine parts.
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